A three-dimensional asymptotic scheme that combines the transfer matrix method and the asymptotic expansion technique is used to an alyze thermo-electro-mechanical deformations of a piezothermoelastic laminate with surface tractions, electric potentials, and temperatures specified on its top and bottom surfaces. The scheme results in a hierarchy of two-dimensional equation s with the same homogeneous operator for each order. For an elastic problem, the homogeneous operator reduces to that for classical thin-plate equations. Results computed for a simply supported rectangular plate with edges grounded are found to be in excellent agreement with the exact solution of the problem.
Piezoelectric materials are often used as sensors and actuators for active control of w x w x structural systems 1 ] 7 . Several investigations 8 ] 18 have been carried out to analyze the effects of temperature changes in piezothermoelastic materials. In w x particular, Xu et al. 16 , 17 have used a transfer matrix approac h to study the w x thermo-electro-mechanical characteristics of laminated plates. Dube et al. 18 have presented an exact solution for a simply supported single-layer piezothermoelastic plate with its edges grounded.
An asymptoti c theory of leading-orde r approximation for thin homogeneous w x single-layer piezoelectric plates has been propose d 19, 20 . The three-dimensional w x electroelastic analysis has also been conducted for laminated plates 21, 22 using asymptoti c theories of higher order approximations. It has been found that solutions of the three-dimensional electroelasticity equations, excluding boundary layer effects, can be generated by successively solving two-dimensional plate equations from leading order to any higher order. However, none of these electroelasticity approaches considers the thermal effects.
Since the mechanical displacements, transverse stresses, electric potential, and the transverse electric displacement are usually continuous across interlaminar interfaces, they are chosen as the termination parameters in the conventional transfer matrix description for a multilayered stack. Furthermore, employing the w x asymptoti c expansion technique 23, 24 for elastic plates, the conventional transfer w x matrix method can be refined to enlarge its applications 21, 22 . Here, we combine the asymptotic expansion technique and the transfer matrix formulation to analyze three-dimensional deformations of a piezothermoelastic plate. The temperature field is found separately by solving the heat conduction problem. The technique is illustrated by analyzing the deformations of a rectangular piezothermoelastic laminated plate with its edges simply supported and grounded. Numerical results are presented for the plate subjected to thermal loads on its top and bottom surface s.
FORMULATION OF THE PROBLEM
v 4 ( ) We use a rectangular Cartesian coordinate system x i s 1, 2, 3 such that the i lower and upper surfaces of the undeformed plate of uniform thickness h lie in the plane s x s 0, h, where x s 0 is the reference plane. Hereafter, a comma followed 3 3 by a subscript i denotes the partial derivative with respect to x and a repeated i index implies summation over the range of the index with Latin indices taking values from 1 to 3 and Greek indices from 1 to 2. For a quasi-static piezothermoelastic problem, the he at conduction equation is uncoupled from the other equations. Thus the temperature field in the plate is assumed to be known a priori. Details for solving the three-dimensional thermal ( ) problem are given in the appendix. We denote by t and S compone nts t and S i j i j ( ) the symmetric stress and strain tensors; by D and E components D and E the i i ( ) electric displacement and the electric field vectors; and by u component u , w , i and T the mechanical displacement vector, the electric potential, and the temperature increment, respectively. Equations governing the quasi-static deformations of w x a piezothermoelastic body can be groupe d into the following three sets 25 ] 27 :
Divergence equation s:
Constitutive relations:
T ( ) t s c:S y e ? E y l T D s e : S q e ? E q p T 2 G radient equations:
( ) The divergence equations 1 , with zero body force, electric charge density, and source of internal energy, and the quasi-static approximation = = E s 0, where = is the three-dimensional gradient operator, express, respectively, the balance of linear momentum and the Gaussian equation of electrostatics. The elastic moduli c, piezoelectric moduli e, dielectric moduli e , stress-temperature coefficients l , and pyroelectric coefficients p are, respectively, fourth-order, third-order, second-order, and first-order tensors for characterizing a piezothermoelastic medium. The components of these tensors exhibit the following symmetries: The 4 = 4 matrix operators A and B and the 4 = 1 matrix operator C contain the in-plane differential operator ' r x and depend on z only through the a a material moduli. We partition both A and B into four 2 = 2 submatrix operators as
where matrices I and N are defined by We have used superscripts, to which the conventional summation also applies, to denote the row and column indices of a matrix element. J and M are matrices,
and each of their elements is a vector defined by
and K and L are matrices with each of their elements being a tensor defined s N y p C 3 4 ( ) 12
The in-plane stresses and in-plane electric displacements, which may be discontinuous in x , are given by
AN ASYMPTOTIC SCHEME
The general problem of piezothermoelasticity is to determine the fields of mechanical displacement, stress, electric potential, electric displacement, and temperature under applied mechanical, electrical, and thermal loads. The thermal problem is solved in the appendix, and the temperature field is assumed to be known for the following discussion. The mechanical loading is specified by the shear tractions q " a and the normal pressures q " on the plate surfaces, while the electric loading is 3 specified by the applied electric potentials V " . Perfect bonding is assumed between the adjoining laminae in the sense that mechanical displacements, surface tractions, temperature, the normal component of the he at flux, electric potential, and the normal component of the electrical displacement are continuous across the interface.
( For general mechanical loading conditions in particular, unequal tractions on ) ( 2 ) the top and bottom surfaces , the transverse shear stresses are of the order O e ( 3 ) and the transverse normal stress is of the order O e , as in the case of pure w x elasticity 23 . Accordingly, the surface forcing functions are scaled as 
To find solutions of successive approximations , we expand the field functions F and G in terms of the small parameter e as
( ) ( ) Then the surface traction conditions 14 , 15 and the surface electric potential ( ) conditions 16 may be expressed in terms of the components of the expansion terms of F and G. For the leading order, we have
and, for the remaining orders with n G 0,
Integrating these differential equations with respect to z and using the conditions ( ) ( ) 18 and 19 for the bottom surface, we obtain for n G 0
The basic unknowns are the three components of mechanical displacements and the normal electric displacement at the reference surface z s 0 of the plate: ( ) ( n) According to Eqs. 21 , f can be written as 
where the subscript L takes values from 1 to 4 and the summation convention also ( ) ( ) applies to L. Furthermore, using Eqs. 21 
The components of the matrix operators R and R are
and the components of Y involved in the effective loads on the right-hand side of ( ) Eq. 28 are ( ) Equations 28 are the key field equations obtaine d through the asymptoti c ( ) approach from which the unknowns 29 of each order can be solved with specified edge conditions on the reference plane. Since H (0) s 0 and Y is known a priori from ( ) Eq. 31 , the unknowns of the leading order can be determined from the field (1) ( ) equation of the leading order. Then H can be obtaine d from Eq. 25 . Such a procedure may be continued to solve for higher order unknowns. Since the matrix Ä ( ) operators R and R appearing in Eq. 28 have the same form for the field equations of all orders, a full three-dimensional solution in the interior of the plate can easily Ä be obtained. In particular, the differential operator R is a generalization of that for w x the bending of classical monoclinic laminated elastic plates 28 .
EXAMPLES
For the linear problems being studied herein, the deformations due to mechanical, electrical, and thermal loads can be studied separately and then superposed to w x ascertain deformations due to the combined loads. Cheng We analyze here thermo-electro-mechanical deformations of a simply supported rectangular plate subjected to the following thermal boundary conditions on the top and bottom surfaces and edges: 
u s u s t s w s 0 at x s 0, a 
where a quantity with a superimposed hat denotes a constant. Edge conditions in ( ) ( ) Eq. 35 are identically satisfied by Eq. 36 , and there are no boundary layer effects for this problem. Therefore, a three-dimensional piezothermoelasticity solution may be generated to any desired degree of numerical accuracy.
The physical quantities are nondimensionalized by of 18 are given in Table 2 . We have set c* s 42.785 = 10 Nm , e* s 0.16788 Cm y 2 , and a * s 4.396 = 10 y6 K y1 . The order of the present solution is increased from 0 to 7 where the higher order solutions are obtaine d via the recurrence procedure described previously. Numerical convergence to five significant digits is attained for the seventh-order solution, which is in excellent agreement with the w x ( ) exact results of 18 , even for the very thick plate a rh s 2 . The mechanical displacements and the transverse electric displacement of the leading order are reasonably good, especially for a thin plate; while the out-of-plan e stresses of first order are not acceptable . This me ans that the classical thin-plate theory cannot give good values of the out-of-plan e stresses even if they are obtaine d by a posteriori calculation, which is precisely equivalent to the first-orde r approximation. (
In the second example we present results for a four-ply CSC r908 FRC r08 by Eq. 39 with c* s 10 Nm , e* s 1 Cm , and a * s 10 K and accurate to four significant digits are given in Table 3 . For the thick laminate, the converged solution is fourteenth order, and it is of lower order for the other two laminates.
Since transverse deflections of corresponding points on the top and bottom surfaces are quite different especially for thick or moderately thick plates, the assumption of a constant through-th e-thickness deflection made in most twodimensional plate theories is not good. electric field E on the plane x s a r2. All three fields vary affinely through each 3 1 layer, and the transverse electric field is constant in the two FRC layers.
CONCLUSIONS
We used an asymptotic expansion technique combined with the transfe r matrix method to delineate three-dimensional deformations of a linear piezothermoelastic laminate subjected to mechanical, electrical, and thermal loads on its top and bottom surfaces. We computed numerical results for a single-laye r plate and a four-layer laminate made of CSC, 908 FRC, 08 FRC, and CSC with the top and electric field E on the section x s 0, and c the electric field E on the plane x s a r2. bottom surfaces electrically grounded and subjected only to thermal loads. It was found that the solution converges rather rapidly even for very thick laminates. Computed results for a simply supported rectangular plate with its edges grounde d are found to closely match those from the analytical solution of the problem. The transverse deflections of corresponding points on the top and bottom surfaces differ significantly, thereby implying noticeable changes in the plate thickness.
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